Abstract. We extend some part of the unpublished paper [30] written by Mednykh and Rasskazov. Using the approach indicated in this paper we derive the Riley-Mednykh polynomial for some family of the 2-bridge knot orbifolds. As a result we obtain explicit formulae for the volume of cone-manifolds and the Chern-Simons invariant of orbifolds of the knot with Conway's notation C(2n, 4).
Introduction
By Mostow-Prasad rigidity, the two bridge knot complement has a unique hyperbolic structure if it has. Since the volume is a fundamental invariant, it has been studied quite a lot. But explicit volume formulae for hyperbolic cone-manifolds of knots and links are known a little. The volume formulae for hyperbolic cone-manifolds of the knot 4 1 [20, 26, 27, 31] , the knot 5 2 [29] , the link 5 2 1 [32] , the link 6 2 2 [33] , and the link 6 2 3 [10] have been computed. In [22] , a method of calculating the volumes of two-bridge knot cone-manifolds were introduced but without explicit formulae. In [18, 16] , explicit volume formulae for hyperbolic cone-manifolds of twist knots and knots with Conway's notation C(2n, 3) are computed. In [17] , explicit volume formulae for the link 7 2 3 (α, α) cone-manifolds are computed. In [49, 50] , explicit volume formulae for double twist knot cone-manifolds and double twist link cone-manifolds are introduced without explicit computations.
Chern-Simons invariant [3, 34] was defined to be a geometric invariant and became a topological invariant for hyperbolic two-bridge knots after the Mostow Rigidity Theorem [38] . Various methods of finding Chern-Simons invariant using ideal triangulations have been introduced [39, 40, 53, 6, 5, 4] and implemented [9, 12] . But, for orbifolds, to our knowledge, there does not exist a single convenient program which computes Chern-Simons invariant. In [22] a method of calculating the Chern-Simons invariants of two-bridge knot orbifolds were introduced but without explicit formulae. In [15, 14] , the Chern-Simons invariants of orbifolds of the twist knots and the knots with Conway's notation C(2n, 3) are computed. Similar approaches for SU (2)-connections can be found in [25] and for SL(2, C)-connections in [24] . Explicit integral formulae for ChernSimons invariants of the Whitehead link (the two component twist link) orbifolds and their cyclic coverings are presented in [2, 1] . For explanations of cone-manifolds, you can refer to [7, 48, 26, 41, 20, 42, 18] .
Let O(p/q, n) denote the orbifold with the singular set the hyperbolic 2-bridge knot with the cone-angle 2π/n. The geometry of the orbifolds O(p/q, n) has already been intensively investigated by many authors. The combinatorial construction of fundamental polyhedra for orbifolds O(p/q, n) was suggested by Minkus [36] . Later it was discovered by Mednykh and Rasskazov [31, 30] that this topological construction can be successfully realized in hyperbolic, spherical and Euclidean spaces. Further development of this fruitful idea in the spaces of constant curvature was done in [10, 28, 51, 47] . From [19] the above mentioned construction of the fundamental polyhedra became known as butterfly polyhedra. In [37] the geometrical ideas from [31, 30] were realized in the five exotic Thurston geometries S × R, H 2 × R, SL 2 (R), Nil, and Sol. We use hyperbolic polyhedra in this paper. But, we also introduce Spherical and Euclidean polyhedra here since they come from the same topological construction.
We derive the Riley-Mednykh polynomial responsible for the geometry of the fundamental polyhedron. Let X q/p be the complement of a two bridge knot in S 3 . Let R = Hom(π 1 (X q/p ), SL(2, C)). Given a set of generators, s, t, of the fundamental group for π 1 (X q/p ), we define a set R π 1 (X q/p ) ⊂ SL(2, C) 2 ⊂ C 8 to be the set of all points (ρ(s), ρ(t)), where ρ is a representaion of π 1 (X q/p ) into SL(2, C). Let S = ρ(s), T = ρ(t) and and c ∈ SL(2, C) which satisfies cS = T −1 c and c 2 = −I. Since the defining relation of π 1 (X q/p ) gives the defining equation of R π 1 (X q/p ) [44] , R π 1 (X q/p ) is an affine algebraic set in C 8 and can be identified with an algebraic set in C 2 because the entries of S and T can be expressed in terms of two variables. The above fundamental polyhedron gives the natural choices for them, A = cot α 2 and V = cosh d where α is the cone angle along the knot and d is the distance between two fixed axes of S and T . The defining equation of the algebraic set in C 2 is tr(SW c) where W = ρ(w) for w in Proposition 2.2 (see Subsection 6.1). Since for any W , tr(SW c) has tr(Sc) as a factor, we define Riley-Mednykh polynomial as tr(SW c)/tr(Sc) up to powers of sin give reducible representations. We can vary two choices. Then the Riley-Mednykh polynomial comes from tr(SW c)/tr(Sc) but sometimes we need to factor something else out to make it into a polynomial. In [18, 15] , instead of A and V , we used B = cos α 2 and V . And tr(SW c)/tr(Sc) turns out to be a polynomial. Hence the Riley-Mednykh polynomial in this case is tr(SW c)/tr(Sc). In [16, 14, 13] , we used M = e iα 2 and x = 2 − tr(ST ). In this case, the Riley-Mednykh polynomial is tr(SW c)/tr(Sc) up to powers of M . In [17] , we factored out some more and named it to be the Riley-Mednykh polynomial since we were interested in the geometric one.
As an application, we present explicit formulae for the volume of cone-manifolds and the Chern-Simons invariant of orbifolds of the knot with Conway's notation C(2n, 4). We used M and x in this case. Among the equivalent knots, we consider C(2n, 4) as K 6n+1 8n+1 . Hence the slope of C(2n, 4) is 6n+1 8n+1 (see Section 2 for definitions). Instead of working on complicated combinatorics of 3-dimensional ideal tetrahedra to find the volume and the Chern-Simons invariant of the hyperbolic orbifolds of the knot with Conway's notation C(2n, 4), we deal with simple one dimensional singular loci. We use the Schläfli formula and the Schläfli formula for the generalized Chern-Simons function on the family of C(2n, 4) cone-manifold structures [21] . With the normal precision of Mathematica, we could compute the volume and the Chern-Simons invariant of the hyperbolic orbifolds of the knot with Conway's notation C(2n, 3) in [14] , but we couldn't for C(2n, 4) as n gets large. In this paper, by elevating the precision to higher degree than the normal in Mathematica, we could finally compute for C(2n, 4) with higher precision. With our Riley-Mednykh polynomial, locating the root corresponding to the geometric structures becomes easy.
2-bridge knots
The following theorem gives the classification of the 2-bridge knots in normal forms. Theorem 2.1. [46] Let q(resp. q ) and p (resp. p ) be odd coprime integers such that p > 1 (resp. p > 1) and −p < q < p (resp. −p < q < p ).
(1) The two-bridge knots K q/p and K q /p are equivalent if and only if p = p and q = q ±1 (mod p).
Recall that q/p of K q/p is called slope. Figure 1 shows the two-bridge knot with slope 5/9. The diagram in Figure 1 can tighten and become the diagram of the right side in Figure 2 . Figure 2 shows the two equivalent knots. Figure 3 . The fundamental set for the orbifold O(3/5, 2).
Let K q/p be a two bridge knot. From the Schubert normal form of K q/p , we can read the following fundamental group [46, 43] .
( a is the floor of a.)
A hyperbolic (resp. Euclidean, spherical) 2-bridge knot cone-manifold has as its singular set the hyperbolic 2-bridge knot K q/p and as its underlying space the three dimensional sphere. Away from the 2-bridge knot the cone-manifold is locally isometric to hyperbolic (resp. Euclidean, spherical) three dimensional space and on the 2-bridge knot it is locally the sector of a cylinder with cone-angle α. The special case when α is 2π/n for some positive integer n, is called an orbifold. We denote it by O(q/p, n). The topological canonical fundamental set for O(q/p, n) orbifold in the spherical space is well known [36] .
3. The canonical fundamental set for the orbifold O(q/p, 2) in the spherical space.
Note that there exists an angle α 0 ∈ [ , π) for each hyperbolic K q/p such that the cone-manifold X q/p (α) is hyperbolic for α ∈ (0, α 0 ), Euclidean for α = α 0 , and spherical for α ∈ (α 0 , π] [41, 20, 26, 42] . Hence, there is only one spherical orbifold O(q/p, 2) for each K q/p . The 2-fold covering of S 3 branched along K q/p is the lens space L(p, q) [46] which is spherical. The fundamental domain of L(p, q) is described in [45, p.237-p.238 ]. The strategy in this section is that constructing the half of the fundamental domain of L(p, q) such that the 2-fold covering of half of the fundamental domain of L(p, q) branched along K q/p becomes the fundamental domain of L(p, q). Figure 3 shows the fundamental set for the orbifold O(3/5, 2) in the spherical space.
For K q/p , we construct a same shape set and let the dihedral angle of between the top lens and the bottom lens be π/p. Choose 2p points on the circle of intersection of two lenses such that the spherical distance between two consecutive points can be π/p. K q/p is the union of the two lines passing through {P 0 , Q 1 , P p } and {P q , Q 0 , P p+q }. Let S and T be the half-turns along the two lines passing through {P 0 , Q 1 , P p } and {P q , Q 0 , P p+q }, s knot table) respectively, then the group S, T is a discrete subgroup of the isometry group of S 3 and the fundamental set of the group S, T becomes the set we constructed. For more details see [30] .
4. The fundamental set for the Euclidean cone-manifold X q/p (α).
Let K q/p be the hyperbolic two bridge knot q/p and X q/p be the complement of K q/p . The fundamental set for the Euclidean orbifold O(2/5, 3) is in Figure 4 . The fundamental set for the Euclidean orbifold O(2/5, 3) is carefully described in [31] . Note that O(2/5, 3) is equivalent to the normal form O(3/5, 3). As we mentioned, there exists an angle α 0 ∈ [ , π) for each K q/p such that the cone-manifold X q/p (α) is hyperbolic for α ∈ (0, α 0 ), Euclidean for α = α 0 , and spherical for α ∈ (α 0 , π] [41, 20, 26, 42] . In general, 2π/α is not an integer. For the intermediate angles whose multiples are not 2π and not bigger than π, you can consult a link example in [47] .
5. Algorithm for producing the fundamental set of orbifold O(q/p, n) in the hyperbolic space
Thurston's orbifold theorem guarantees an orbifold, O(q/p, 2π/α), with K q/p as the singular locus and the cone-angle α = 2π/k for some nonzero integer k, can be identified with H 3 /Γ(n) for some Γ(n) ∈ PSL(2, C); the hyperbolic structure of X q/p is deformed to the hyperbolic structure of X q/p (2π/α). Let e ∈ PSL(2,C) be the element such that eS = S −1 e, eT = T −1 e, and e 2 = I and c ∈ PSL(2,C) be the element such that cS = T −1 c, and
For the fundamental set of Γ(n), set the unique fixed point of S, SW c to be P 0 and the unique fixed point of eSe −1 , eSW ce −1 to be P p . Then the other points of the fundamental set whose topological type is the same as that of O(q/p, 2), can be assigned automatically. For example, P 2q is the unique fixed point of T S, SW c T −1 = T ST −1 , T SW cT −1 . Now we connect the points with hyperbolic geodesics so that it has the topological type of the fundamental set of O(q/p, 2). For more details see [30] .
. Given a set of generators, s, t, of the fundamental group for π 1 (X q/p ), we define a set R π 1 (X q/p ) ⊂ SL(2, C) 2 ⊂ C 8 to be the set of all points (ρ(s), ρ(t)), where ρ is a representaion of π 1 (X q/p ) into SL(2, C). Since the defining relation of π 1 (X q/p ) gives the defining equation of R π 1 (X q/p ) [44] , R π 1 (X q/p ) is an affine algebraic set in C 8 . R π 1 (X q/p ) is well-defined up to isomorphisms which arise from changing the set of generators. We say elements in R which differ by conjugations in SL(2, C) are equivalent. A point on the variety gives the (P SL(2, C),
Then ρ becomes an irreducible representation if and only if A = cot
and V = cosh d satisfies a polynomial equation [44, 30] . We call the defining polynomial of the algebraic set {(V, A)} as the Riley-Mednykh polynomial for the K q/p . 6.1. The Riley-Mednykh polynomial. Given the fundamental group of X q/p , 
Proof.
where the fourth equality comes from i = p−i [43] .
From the structure of the algebraic set of R π 1 (X q/p ) with coordinates ρ(s) and ρ(t) we have the defining equation of R π 1 (X q/p ) .
Definition. We define Riley-Mednykh polynomial as tr(SW c)/tr(Sc) up to powers of sin α 2 . Theorem 6.2. [30] ρ is a representation of π 1 (X q/p ) if and only if V is a root of RileyMednykh polynomial P = P (V, A). s t s t Figure 5 . A two bridge knot with Conway's notation C(2n, 4) for n > 0 (left) and for n < 0 (right) .
Proof. Note that SW S −1 W −1 = I, which gives the defining equations of R π 1 (X q/p ) , is equivalent to (SW c) 2 = −I in SL(2, C) by Lemma 6.1 and (SW c)
We can find two c's in SL(2, C) which satisfies cS = T −1 c and c 2 = −I by direct computations. The existence and the uniqueness of the isometry (the involution) which is represented by c are shown in [11, p.46] . Since two c's give the same element in PSL(2, C), we use one of them. Hence, we may assume
Since P is the defining polynomial of the algebraic set {(V, A)} and the defining polynomial of R π 1 (X q/p ) corresponding to our choice of ρ(s) and ρ(t), P becomes tr(SW c)/tr(Sc) up to powers of sin α 2 .
Two bridge knots with Conway's notation C(2n, 4)
A knot is a two bridge knot with Conway's notation C(2n, 4) if it has a regular twodimensional projection of the form in Figure 5 . For example, Figure 6 is the knot C(2 × 2, 4) = C(4, 4). It has 4 left-handed vertical crossings and 2n right-handed horizontal crossings (n right-handed horizontal full twists). We denote it by T 2n . In the rest of the paper, we will prove the following two theorems and the two following corollaries are immediate consequences.
Theorem 7.1. Let X 2n (α), 0 ≤ α < α 0 be the hyperbolic cone-manifold with underlying space S 3 and with singular set T 2n of cone-angle α. Then the volume of X 2n (α) is given by the following formula table) .
where x with Im(x) ≤ 0 is a zero of the Riley-Mednykh polynomial P 2n = P 2n (x, M ) which is given recursively by
with initial conditions
for n < 0 and P 0 (x, M ) = 1 for n > 0,
and M = e iα 2 and
The proof of Theorem 7.1 is in Subsection 7.4. From Theorem 7.1, the following corollary can be obtained. The following corollary gives the hyperbolic volume of the k-fold cyclic covering over T 2n , M k (X 2n ), for k ≥ 3.
Corollary 7.2. The volume of M k (X 2n ) is given by the following formula
Theorem 7.3. Let X 2n (α), 0 ≤ α < α 0 be the hyperbolic cone-manifold with underlying space S 3 and with singular set T 2n of cone-angle α. Let k be a positive integer such that k-fold cyclic covering of X 2n ( 2π k ) is hyperbolic. Then the Chern-Simons invariant of
if k is odd) is given by the following formula:
dα,
The proof of Theorem 7.3 is in Subsection 7.6. From Theorem 7.3, the following corollary can be obtained. The following corollary gives the Chern-Simons invariant of the k-fold cyclic covering over T 2n , M k (X 2n ), for k ≥ 3.
Corollary 7.4. The Chern-Simons invariant of M k (X 2n ) is given by the following formula
In [43, Proposition 1], the fundamental group of two-bridge knots is presented. We will use the fundamental group of X 2n in [23] . In [23] , the fundamental group of X 2n is calculated with 4 right-handed vertical crossings as positive crossings instead of 4 lefthanded vertical crossings. The following proposition is tailored to our purpose. The reduced word relation of the one in the following proposition can also be obtained by reading off the fundamental group from the Schubert normal form of T 2n with slope 6n+1 8n+1 [46, 43] .
where w = (ts −1 ts
7.1. The Riley-Mednykh polynomial. Since we are interested in the excellent component (the geometric component) of R (π 1 (X 2n )), in this subsection we set M = e iα 2 . Given the fundamental group of X 2n ,
where w = (ts −1 ts −1 t −1 st −1 s) n , let S = ρ(s), T = ρ(t) and W = ρ(w) for ρ ∈ R (π 1 (X 2n )). Then the trace of S and the trace of T are both 2 cos α 2 . Lemma 7.6. For c ∈ SL(2, C) which satisfies cS = T −1 c and c 2 = −I,
From the structure of the algebraic set of R (π 1 (X 2n )) with coordinates ρ(s) and ρ(t) we have the defining equation of R (π 1 (X 2n )). By plugging in e iα 2 into M of that equation, we have the following theorem.
Theorem 7.7. ρ is a representation of π 1 (X 2n ) if and only if x is a root of the following Riley-Mednykh polynomial P 2n = P 2n (x, M ) which is given recursively by
Proof. Note that SW T −1 W −1 = I, which gives the defining equations of R (π 1 (X 2n )), is equivalent to (SW c) 2 = −I in SL(2, C) by Lemma 7.6 and (SW c) 2 = −I in SL(2, C) is equivalent to tr(SW c) = 0.
We can find two c's in SL(2, C) which satisfies cS = T −1 c and c 2 = −I by direct computations. The existence and the uniqueness of the isometry (the involution) which is represented by c are shown in [11, p. 46] . Since two c's give the same element in PSL(2, C), we use one of them. Hence, we may assume
, and let U = T S −1 T S −1 T −1 ST −1 S. Note that tr(S) and tr(T ) are the same as tr(S) and tr(T ) of subsection 6.1.
Recall that P 2n is the defining polynomial of the algebraic set {(M, x)} and the defining polynomial of R (π 1 (X 2n )) corresponding to our choice of ρ(s) and ρ(t). We will show that P 2n is equal to tr(SW c)/tr(Sc) times M 6n for n > 0 and M 6n−2 for n < 0. One can easily see tr(SU c) = P 2 tr(Sc)/M 6 , tr(SU −1 c) = P −2 tr(Sc)/M 4 and tr(U ) = Q/M 6 = tr(U −1 ). We set P 0 as the statement of the theorem. Now, we only need the following recurrence relations.
where the third equality comes from the Cayley-Hamilton theorem. Since tr(Sc), tr(SU c), and tr(SU
as a common factor, all of tr(SW c)'s have tr(Sc) as a common factor. We left the common factor out of tr(SW c), multiplied it by a power of M 6n if n > 0 and M 6n−2 for n < 0 to clear the fractions and denote it by P 2n , the Riley-Mednykh polynomial.
Longitude. Let l = ww
* , where w * is the word obtained by reversing w. Let L = ρ(l) 11 . Then l is the longitude which is null-homologus in X 2n . Recall ρ(w) = U n . We can write ρ(w * ) = U n . It is easy to see that U and U can be written as
whereũ ij is obtained by u ij by replacing M with M −1 . Similar computation was introduced in [23] .
Definition. The complex length of the longitude l is the complex number γ α modulo 4πZ satisfying tr(ρ(l)) = 2 cosh γ α 2 .
Note that l α = |Re(γ α )| is the real length of the longitude of the cone-manifold X 2n (α).
The following lemma was introduced in [23] with slightly different coordinates. 11 where l is the longitude of X 2n , M = e iα 2 , and x is a root of the following Riley-Mednykh polynomial P 2n . We have
Proof. By directly computing u 21 L +ũ 21 = 0 in Lemma 7.8, the theorem follows.
7.3. Schläfli formula for the volume. We will use the following Schläfli formula to prove Theorem 7.1. Theorem 7.10. [7, Theorem 3.20] Let X 2n (α) be a family of cone-manifold structures of constant curvature −1. Assume that the underlying space is S 3 and the singular locus is the knot T 2n . Then the derivative of volume V (X 2n (α)) of X 2n (α) satisfies
7.4. Proof of Theorem 7.1. For n ≥ 1 and M = e , π) such that T 2n (α) is hyperbolic for α ∈ (0, α 0 ), Euclidean for α = α 0 , and spherical for α ∈ (α 0 , π] [41, 20, 26, 42] . From the following Equality (1), when |L| = 1, which happens when α = α 0 , Im(x) = 0. Hence, when α increases from 0 to α 0 , two complex numbers x and x approach a same real number. In other words, P 2n (x, e iα 0 2 ) has a multiple root. Denote by D(X 2n (α)) the discriminant of P 2n (x, M ) over x. Then α 0 will be one of the zeros of D(X 2n (α)).
From Theorem 7.9, for some nonnegative real numbers a and b, we have the following equality,
For the volume, we choose L with |L| ≥ 1 and hence we have Im(x) ≤ 0 by Equality (1). On the geometric component we have the volume of a hyperbolic cone-manifold X 2n (α) for 0 ≤ α < α 0 :
where the first equality comes from the Schläfli formula for cone-manifolds (Theorem 3.20 of [7] ), the second equality comes from the fact that l α = |Re(γ α )| is the real length of the longitude of X 2n (α), the third equality comes from the fact that log |L| = 0 for α 0 < α ≤ π by Equality 1 since all the characters are real (the proof of Proposition 6.4 of [42] ) for α 0 < α ≤ π, and α 0 ∈ [
, π) is a zero of the discriminant D(X 2n (α)).
7.5. Schläfli formula for the generalized Chern-Simons function. The general references for this section are [21, 22, 52, 35] and [15] . We introduce the generalized ChernSimons function on the family of C(2n, 4) cone-manifold structures. For the oriented knot T 2n , we orient a chosen meridian s such that the orientation of s followed by orientation of T 2n coincides with orientation of S 3 . Hence, we use the definition of Lens space in [22] so that we can have the right orientation when the definition of Lens space is combined with the following frame field. On the Riemannian manifold S 3 − T 2n − s we choose a special frame field Γ. A special frame field Γ = (e 1 , e 2 , e 3 ) is an orthonomal frame field such that for each point x near T 2n , e 1 (x) has the knot direction, e 2 (x) has the tangent direction of a meridian curve, and e 3 (x) has the knot to point direction. A special frame field always exists by Proposition 3.1 of [21] . From Γ we obtain an orthonomal frame field Γ α on X 2n (α) − s by the Schmidt orthonormalization process with respect to the geometric structure of the cone manifold X 2n (α). Moreover it can be made special by deforming it in a neighborhood of the singular set and s if necessary. Γ is an extention of Γ to S 3 − T 2n . For each cone-manifold X 2n (α), we assign the real number:
where −2π ≤ β ≤ 2π, Q is the Chern-Simons form:
, and
where (θ ij ) is the connection 1-form, (Ω ij ) is the curvature 2-form of the Riemannian connection on X 2n (α) and the integral is over the orthonomalizations of the same frame field. When α = if k is odd), where k is a positive integer such that k-fold cyclic covering of X 2n ( 2π k ) is hyperbolic:
where the second equivalence comes from Theorem 7.11 and the third equivalence comes from the fact that
cs (L(8n + 1, 6n + 1)) mod 1 2 , Theorem 7.9, and geometric interpretations of hyperbolic and spherical holonomy representations.
The following theorem gives the Chern-Simons invariant of the Lens space L(8n + 1, 6n + 1). 7.7. Numerical computations. Table 1 gives the numerical approximation of α 0 and the Chern-Simons invariant of X 2n for n between 1 and 9 and for n between −9 and −1. We used Simpson's rule for the approximation with 2 × 10 4 (10 4 in Simpson's rule) intervals from 0 to α 0 and 2 × 10 4 (10 4 in Simpson's rule) intervals from α 0 to π. We used higher precision than the normal in Mathematica. Table 2 (resp. Table 3) gives the approximate Chern-Simons invariant of the hyperbolic orbifold, cs X 2n ( 2π k ) for n between 1 and 9 (resp. for n between −9 and −1) and for k between 3 and 10, and of its cyclic covering, cs (M k (X 2n )). We used Simpson's rule for the approximation with 2 × 10 2 (10 2 in Simpson's rule) intervals from 2π/k to α 0 and 2 × 10 2 (10 2 in Simpson's rule) intervals from α 0 to π. We used Mathematica for the calculations. We record here that our data for the Chern-Simons invariant of X 2n in Table 1 and those obtained from SnapPy match up up to existing decimal points. Table 2 : Chern-Simons invariant of X 2n and of the hyperbolic orbifold, cs X 2n ( 2π k ) for n between 1 and 9 and for k = 2π α between 3 and 10, and of its cyclic covering, cs (M k (X 2n )). ) for n between −9 and −1 and for k = 2π α between 3 and 10, and of its cyclic covering, cs (M k (X 2n )).
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